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Prediction of Aluminum Combustion Efficiency
in Solid Propellant Rocket Motors

Richard S. Larson*
Sandia National Laboratories, Livermore, California

Aluminum combustion efficiencies in solid propellant rocket motors are calculated by means of an improved
theoretical model for the physical and chemical processes involved. In particular, more complete allowance is
made for the fact that the gas-phase concentration of oxidizing species in the rocket chamber varies from point
to point as a result of depletion by the aluminum combustion reaction. Analyses are carried out for both one-
dimensional and two-dimensional gas flowfields and both with and without consideration of particle velocity
lags. Numerical calculations indicate that the neglect of variations in the oxidizer concentration « leads to
significant errors when the combusiion efficiency is substantially less than unity. These errors can be effectively
eliminated, with little additional effort, by accounting for the variations in o under the assumption that particles
of different sizes may be treated independently and that oxidizer depletion is not seriously affected by velocity

lags.

Introduction

OMPOSITE propellants used in modern solid rocket

—~ motors generally contain powdered aluminum in addition
to an ammonium perchlorate (AP) oxidizer and a polymeric
binder. While the use of this metallic fuel can have the
beneficial effect of suppressing combustion instabilities, the
most obvious reason for its introduction is the resulting in-
crease in the specific impulse of the rocket. However, this im-
provement in performance is invariably accompanied by a
decrease in the specific impulse efficiency, i.e., the ratio of the
observed impulse to its theoretical maximum value. Most of
this decrease can be attributed to the thermal and velocity lags
of the particulate (aluminum oxide) products as they pass
through the nozzle, but incomplete combustion of the
aluminum in the rocket chamber may also be a factor. Thus,
an analysis of Al combustion efficiency is important to the ac-
curate prediction of rocket performance, and it may also be
useful in understanding the related problems of Al,O; forma-
tion, slag deposition, and plume development.

In order to calculate the aluminum combustion efficiency
of a motor, it is necessary to have a reasonably detailed idea
of the way in which aluminum particles burn in the chamber.
This is, by all accounts, an exceedingly complex process, but
a description of the most commonly observed chain of events
can be given.! The key feature underlying the whole scenario
is that, since Al particles are not easily ignited, they do not
burn in the region where the AP/binder combustion takes
place. Thus, the first step is the accumulation of aluminum
at the burning propellant surface as the latter recedes. Being
protected by a solid oxide shell, a particle does not ignite
even when the Al melting point is reached; instead, neighbor-
ing particles tend to adhere to one another through sintering
of their respective shells. Eventually, upon melting (at 2300
K) or fracture of the oxide covering, the aluminum in an ag-
glomerate ignites and coalesces into a spherical drop. This
disrupts the surface tension forces holding the agglomerate
on the surface, so the droplet detaches, enters the chamber
cavity, and burns in the AP/binder combustion products
with a gas-phase diffusion flame. Finally, the condensed-
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phase AlL,O; product is formed by nucleation of gaseous
suboxides and by condensation and/or heterogeneous reac-
tion on the surface of the resulting smoke particles and the
burning aluminum droplet.

Only a few attempts have been made to predict the
aluminum combustion efficiency from an analysis of the
underlying physical and chemical processes. Perhaps the
most widely used results are those obtained by Hermsen? for
use in the Air Force’s Solid Propellant Performance (SPP)
computer code. These apply specifically to a cylindrical in-
ternally burning propellant grain and are based on the
following assumptions:

1) The combustion of the propellant is a quasi-steady state
process.

2) The AP/binder reactions are complete at or near the
propellant surface (before the Al combustion begins).

3) The gas flowfield in the chamber is unaffected by the
presence of the particulate phase.

4) The physical properties of the gas phase are constant.

5) The Al particle combustion is described by the em-
pirical burning-rate law

dD/dt= — kD~ %800 )

where k is the reaction rate constant, D the particle diam-
eter, and « the sum of the gas-phase mole fractions of the
oxidizing species (oxidizers for short-—not to be confused
with the AP in the original propellant).

6) A single constant (average) value of o can be used.
With the aid of an assumed gas flowfield, the burning-rate
law and the equations of motion for a given particle are in-
tegrated from the propellant surface to the exit plane of the
chamber in order to determine the fractional combustion.
Averaging over a representative set of initial positions then
gives the combustion efficiency E for particles of the given
initial size. The overall value of E can be found by in-
tegrating the results over the actual Al agglomerate size
distribution (which may differ greatly from the Al size
distribution in the original propellant and which must
generally be obtained from experimental measurements).

A similar but more elaborate analysis has been carried out
by King®* in order to provide an improved predictive
capability, particularly for nozzleless motors. In its treat-
ment of particle combustion within the chamber, this work
goes beyond that of Hermsen by accounting, at least approx-
imately, for 1) the effects of compressibility on the gas
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flowfield, 2) enhancement of the burning rate by particle
slip, and 3) depletion of oxidizer along a particle trajectory.
King acknowledges that the first two of these are not impor-
tant for ordinary nozzled motors, with which the present
work is concerned. Attention will therefore focus here on the
way in which the variation in « is calculated.

King’s analysis is based on the concept of a gas-particle
pocket that remains isolated from all other such pockets and
thus retains its identity as it moves from the propellant sur-
face to the exit plane of the chamber. Unfortunately, this
idea is inconsistent with the existence of particle velocity
lags, which cause the gas and particles to move along dif-
ferent paths. Furthermore, this approach ignores the fact
that, even in the zero-lag case, the concentration of oxidizer
at any location is actually affected by particles across the
whole spectrum of sizes. Still, it is possible that this approx-
imation (or even Hermsen’s assumption of constant «) gives
results that are entirely adequate for practical purposes. The
primary goal of the present work is to assess the validity of
the two approaches.

Clearly, in order to develop a rigorous analysis of the way
in which the concentration of oxidizer varies within the
chamber, one must specify explicitly the chemical reaction(s)
involved. Now, an examination of the combustion products
of a typical nonaluminized propellant’ shows that the only
substances capable of oxidizing Al to Al,O;, which are
present in significant quantities, are CO, and H,O. (At the
higher temperatures characteristic of aluminized propellant
combustion, it is possible that OH is also important, but the
rate of its reaction with Al is not well documented.) Conse-
quently, it will be assumed that the reactions of interest are

2A1+3C0,—AlL 0, +3CO @)
2A1+3H,0—AL O, +3H, 3)

The fact that the stoichiometric coefficients are the same in
each case, together with the fact that the particle burning
rate depends only on a sum of oxidizer concentrations,®
means that CO, and H,O can be treated as a single species
in the analysis. As will be seen, this simplifies the mathe-
matics considerably.

A comment should be made here concerning the way in
which the particle burning rate depends on the particle
diameter. Equation (1) implies that the total burning time
varies as D!® (for fixed «); while there is certainly some ex-
perimental evidence to support this,” other measurements are
consistent with a D'* law,® which is used by King.* Further-
more, theoretical investigations have suggested values of the
exponent that range from 1.35 to 1.90.% (On the other hand,
there appears to be no controversy with regard to the
dependence of dD/d¢ on «.) Thus, it seems best to leave the
exponent (call it p) unspecified for the moment, whereupon
Eq. (1) becomes

dD/dt= — kD!'~7a0° (@)

In what follows, the Al combustion efficiency is first
calculated for a model that uses a one-dimensional gas
flowfield and neglects particle velocity lags. The adequacy of
the one-dimensional approximation 1is then tested by
repeating the analysis for the more realistic, but more com-
plicated, case of a two-dimensional flowfield. The results are
compared with those obtained from two simplified two-
dimensional models, one of which assumes (along with King)
that the variation in « along a particle trajectory can be
determined independently for particles of different sizes (so
that the initial size distribution need not be known a priori),
and the other of which ignores the variation in « entirely (as
in Hermsen’s work). On the basis of this comparison, three
simplified models that take particle velocity lags into account
are formulated and evaluated.
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Analysis and Numerical Results
The first step in computing the Al combustion efficiency is
to write down an expression for the molar rate at which
aluminum enters the flowfield from the propellant surface
between the closed end of the chamber (x=0) and an ar-
bitrary axial position x:

X @
mozg S Dy PA (DD, -27R,dx,

0Jo 6 My,
720 a1 R1y
=2 (D}x
M, Do ®)

Here p,, and M, are the liquid-phase density and molecular
weight, respectively, of aluminum, R the chamber radius, D,
the initial diameter of a particle (agglomerate), x, the posi-
tion at which it leaves the surface, 7, the total number of
particles entering the gas phase per unit area per unit time,
and F(D,) the normalized agglomerate size distribution func-
tion (i.e., F(Dy)dD, is the fraction of particles having initial
diameters between D, and D,+dD,); the angle brackets
denote an average over this distribution. The molar flow rate
of unburned aluminum past position x can be obtained simp-
ly by replacing D} in the integral with D?, where D is under-
stood to be the diameter at x of a particle that had diameter
Dy at x,:

2 S opx poo
m=———_50 So [D(Dy,xy,x)13F(Dy)dDydx, (6)

The overall combustion efficiency between 0 and x is then
given by

_ i
E=1-
- ™
=1~;SX Sm D*F(Dy)dD,dx, ®)
(D§>x Jo Jo 070
_ ! SWD3F(D)(1——SXD3dx>dD ©)
D3y Jo Do Do Dix Jo 0 o
=55 50 D3F(Dy)E(Dy,x)dD, (10)

which is clearly just the volume average of the efficiencies
for individual values of D,.

The computation of E is thus reduced, in essence, to a
determination of the way in which D depends on D, x,, and
x. The required relationship can be obtained for any one of a
number of different models, each of which will now be con-
sidered in turn.

One-Dimensional Flowfield with Particle Velocity Lags Neglected

If the axial particle (and gas) velocity is denoted by
u=dx/dt, then Eq. (4) becomes

D
U — = kD' 7o an

where the partial derivative notation has been used in order
to emphasize that D, and x, are being held constant. Upon
integration, this gives

X 0.9
oe(on L)

X0
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provided that the quantity in parentheses is nonnegative;
otherwise D is simply equal to zero. Now, u can be found by
balancing the molar flow rate of gas at position x with the
rate at which gas is released at the surface due to propellant
combustion between 0 and x:

TR>uc =27 RxF.N (13)
so that

u=(2r,N/Rc)x (14)

Here c is the molar density of the gas phase (assumed con-
stant), r; the linear rate at which the propellant surface
recedes, and N the number of moles of gas produced per
unit volume of propellant burned. The oxidizer mole frac-
tion o« can be obtained in a like manner, except that an addi-
tional term accounting for consumption of oxidizer in the Al
combustion reaction must be included. (Such a term is
absent from Eq. (13) because Egs. (2) and (3) show no net
change in the total number of moles in the gas phase.) Thus,

wR*uca=2wRxF,Noy — (3/2)(rng — 1) (15)

where «, is the value of « in the propellant combustion
products and the stoichiometric ratio 3/2 is taken from Egs.
(2) and (3). Substituting for # and solving (at least formally)
for a gives

3 (g — )

GO T T RAN

(16)

It can now be shown that « is, in fact, a constant in this
model (although it is not equal to «,—this situation results
from the assumption of perfect radial mixing). For, if this is
true, then Eq. (12) becomes [upon substitution of Eq. (14)]

ki 0.9R 1/,
D— <Dg_f‘;;.__cgni) ? (17)
rSN -Xo
and insertion into Eq. (6) gives
72p o RAGX S i
? = -——— F D
m 3M, 0 (Dy)
! ko®°Rc 3/p
AP
min A
where £ =x,/x and
2DEFN
ton=en(~—ome) )

Since, according to Egs. (5) and (18), #1, and rn are both
proportional to x, Eq. (16) shows that « is independent of x,
as asserted. Significantly, it follows from Eq. (7) that the
same is true of E.

If Eq. (18) is now rewritten in terms of the new variable

_ —pka®Rc

(1 20
2F .ND} : 20)

and the result is substituted, along with Eq. (5), into Eq. (7),
then the overall combustion efficiency is found to be

_ 1 fo ]
-1 _ 3
E=1 Dy SO D}F(D,)

X S ' (1= 2)Pexp [—0 <ﬂ> 0,9z] 0 (3"—) “4zdD, (1)
0 o o
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where
27 .NDj
= (22).
pkal’Rc
As is easily verified, the parameter 6 is the ratio of the burn-
ing time of a particle of initial diameter D, in a gas for
which a=q, to the mean residence time in the chamber; as
such, it is expected to be of central importance in determin-
ing E(Dy). Equation (21) can be simplified somewhat via an
integration by parts:

|, piFy

xgl (1—z)3/1"lexp[—0(ﬂ>ovgz]dde0 23)
0 a

Finally, o can be expressed in terms of E by combining Eqgs.
(5), (), and (16):

D3yn _
w=ag— m{ : 02 HoPal 24)
4rsNMA1
Equation (23) now becomes
E= 3 SmD3F(D )
= D3y Jo 0 0
1
x| (-0 lep—0(1-6E)~0z1ddD,  @9)
where
:_W.M (26)
4rSNMA1a0

is the ratio of the molar fluxes of aluminum and oxidizer
away from the propellant surface, corrected by the
stoichiometric factor 3/2. Equation (25) thus gives E im-
plicitly in terms of the relevant parameters. Comparison with
Eq. (10) shows that

1
E(Dy) =%SO (1-2)¥7~lexp[ —0(1-¢E)~*°z]dz (27)

and the presence of E on the right-hand side demonstrates
clearly that combustion efficiencies for particles of different
initial diameters cannot, in general, be calculated indepen-
dently.

In a later section, Eq. (25) will be compared numerically
with the results of the several two-dimensional models now
to be discussed.

Two-Dimensional Flowfield with Particle Velocity Lags Neglected

The flowfield to be used here is one proposed originally by
Culick,® verified experimentally by Dunlap et al.,'® and later
adopted for use by Hermsen.? In terms of the cylindrical
coordinates x and r, the corresponding velocity components
u and v are given by

wF Nx o [ T ( r )2] 28)
u= cos| —\{—
Rc 2 \R

F.NR s r\2
v=—— s [T (?)] 29
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The way in which x and r are related along a particle trajec-
tory can be found by writing

dx w  mxr [w(r)Z]
oo T TR TR G0

which, on integration, becomes

x=xycsc [% () 2] @31y

This can be used to eliminate r in favor of x; in Eq. (28):

wr N N
=25 (g2 sy 32
u=—p" (x*—x3) (32)

Fortunately, this result is only slightly more complicated
than the one-dimensional version, Eq. (14).

The next step is to evaluate the consumption rate of ox-
idizer at any point in the chamber, and this depends on the
number density n» of aluminum particles at that point.
Assuming that there is no significant agglomeration or frag-
mentation of particles in the chamber cavity, » is governed
by the conservation equation

0=V -(nu)=nvV-u+u-vn=u-vn 33)

[u= (u,v) being the velocity vector], where the last equality
follows from the fact that u satisfies the continuity equation
for incompressible flow. (It should be mentioned that, for
present purposes, a particle is still considered to exist even
after its size has been reduced to zero.) It follows that » is
constant along the gas (or particle) streamlines; however,
since all streamlines emanate from the propellant surface,
every point of which is assumed to have the same properties,
n must be uniform throughout the chamber. Its value can be
determined from the flux balance

fig= —vnl,_gp = (F;N/c)n (34
so that
n=chy/F,N (35)

In terms of n, the molar consumption rate of aluminum
per unit volume in the chamber is given by

d T Pal ]
L N Rt F(Dy)dD,
" ar [So 5 D 2, TP

z_nprIS“"’DZ dD
2M,, Jo dt

F(Dy)dD, (36)

With the aid of Eq. (4), the right-hand side becomes

Tnkpay

0.9 ® DS—pFD dD,
2M “ SD@ (Do)dD,

where D¢ is the smallest value of D, for which D is nonzero
at the point in question. This is now multiplied by the
stoichiometric ratio 3/2 and set equal to —c(da/d?) to give

ioz_:__}/r_nkgél_ a0»9g D3-PF(D,)dD, 37
dr 4M ¢ D}
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This, in turn, can be combined with Eq. (4) in order to elimi-
nate the pseudovariable ¢, thus yielding a differential rela-
tionship between D and o:

dD  4MycD'?
dee 37np

] -1
3— 1D,
[SD(')(a) DPE(Dy) 0] (38)

Unfortunately, it does not appear that a general analytical
solution to Eq. (38) can be found. However, there are (at
least) two special cases for which the equation can be solved
without great difficulty. In one of these, F(D,) is taken to be
a delta function, i.e., all of the particles are assumed to have
the same initial diameter. Equation (38) then reduces to

dD  4Mye (39
da ~ 3wnp,D?

which, when integrated subject to the condition that D=D,
when a=qy, gives

THP AL

e (D* - D}) (40)
Al

CY=CYO+

Substitution of Eqs. (32) and (40) into Eq. (11), which is still
valid here, then yields

aD —kRcD'~? [ THP
Qg

— 3 3 09
IM (D _Do)] “n

ax TP N(xX*—x3)”

the integrated form of which is

Do [ THEA| ]-”
+——2 (3-D} P-1q
SD o M e O %) yPoidy

_ kRe | 1+(1-£)*
"N n 3 “2)

where, as before, £=x,/x. In principle, Eq. (42) can be
solved by trial and error to find D as a function of £, and
the result can be used to compute the combustion efficiency
via

1 1
E= ———S D3d 43

D (3) £min g ( )
[Here £,,,, is the value of £ for which Eq. (42) gives D=0;
the existence of such a value is guaranteed if the equivalence
ratio ¢ defined in Eq. (26) is less than or equal to unity,
which is always the case in practice.] However, this is a
cumbersome procedure; a more efficient algorithm can be
developed by differentiating Eq. (42) with respect to D to
give

d¢ _7rfSN e p_l[
D - kRe £E(1-¢4)"D Qg+

TN AL
4M p C

-0.9
(o'~} |

44

and integrating by parts in Eq. (43), using the fact that D=D,
when £=1:

E= SDO £D2dD (45)

3
D3 Jo
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Finally, it is convenient to introduce the new variables
§=1—(D/Dy)’ and w=cos~!£ in order to render Egs. (44)

and (45) dimensionless and to remove troublesome
singularities:
3 1
E=——S (1—9)3P-coswdl (46)
p Jo
where
d (i
d—?z'g“‘“w{lw[(l—?)”"—ll}-0-9 “7)

0 and ¢ being defined exactly as before. [The striking formal
similarity between Eqgs. (46) and (27) may be noted.] Thus,
all that is necessary is to solve Eq. (47) numerically, using
the condition w(0) =0, and then to insert the results into Eq.
(46). Just as in the one-dimensional case, E is independent of
x (and thus of the chamber length), being a function only of
the dimensionless parameters p, 6, and ¢.

It turns out that Eq. (38) can be solved semianalytically
even for arbitrary F(D,) if p has the value 3/2. By fortunate
coincidence, this is precisely the value recommended by
Pokhil et al.® for combustion of aluminum with CO, and
H,0 as oxidizers. With this choice, then, Eq. (38) becomes

_d__ (DY) = M c

o -1
D32F(Dy)dD, ] 48
do THP A [SD()(&) (D)dDq “5)

This can be converted to an ordinary differential equation by
evaluating the integral in terms of D§ and F alone,
eliminating the unknown function D§(«), and then differen-
tiating with respect to «. The details are given in the Appen-
dix, and the result, expressed in terms of the dimensionless
quantities {=1—(D/Dy)*? and a=1— /oy, is

SRy -1( d*¢ >2
da? ”3( da ) da?
6 d¢

548 (W) Do (S a)

[As before, the angle brackets indicate averaging over
F(D,).] The parameter 8 appearing here is defined by

D3/2 2
35%1%8_;_31 (50)

and is a measure of the dispersion in the distribution (D).
The initial conditions to be used in solving Eq. (49) are that
¢=0, dr/da=(0)/2¢89, and d?¢/da® = (8)/(2¢8)%6 at a=0.
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The solution thus obtained takes the place of Eq. (40), and
the analysis can then be carried out just as before to give

1
E(DO)=ZS0 (1—-¢)coswd{ 5D
where
dw _7r_0 N -09
_—dg“ =3 cosw(l—a) (52)

However, since Eq. (49) gives ¢ as a function of g, rather
than vice versa, it is more convenient to write all the equa-
tions using a as the independent variable:

E(D0)=2S:max (1-¢) cosw da 53)
do _wf e df
i@ 2 cosw(l —a) 30 (54)

where a,,,, is the value of @ at which {=1.

It is of interest to compare the foregoing results with those
obtained by assuming a constant value of «, as done by
Hermsen.? The above analysis indicates that, in the com-
putation of E(D,), the distribution function F(D,) affects
only the determination of a relationship between « and D,
and it is therefore irrelevant if the variation in « is ignored.
Consequently, even for arbitrary F(D,), E(D,) is given by
Eq. (46), but Eq. (47) is modified to read

do 76 < 040) 0.9 55)
—=—cosw| —
d¢ 2 05w @
This, however, can be solved analytically:
2 o \09
{=—0rvoH (——— fu(secw+tanw) (56)
70 \aq

Substitution into Eq. (46) then gives

6 o 09 { “max
s~ ()"
prl \ o 0

2 0.9 3/p—1
-— —a—) ﬂn(secw+tanw)] dw (&)
w0 \ o
where w,,,, is the value of w for which {=1; specifically,

e (L) e

Table 1 Combustion =fficiencies E for the two-dimensional zero-lag models?

Exact .
> Delta-function Constant-«
Egs. (33), 54), (49) approximation, approximation,
0 (y=0.1 <(6>=1.0 (8>=10.0 Eqgs. (46) and (47) Eq. (57)
0.1 0.997 0.998 0.998 0.997 0.997
0.2 0.987 0.991 0.992 0.987 0.987
0.5 0.912 0.947 0.953 0.930 0.930
1.0 0.738 0.822 0.848 0.80! 0.793
2.0 0.489 0.587 0.639 0.590 0.565
5.0 0.229 0.288 0.332 0.315 0.280
10.0 0.120 0.153 0.180 0.176 0.150
20.0 0.0615 0.0788 0.0932 0.0937 0.0771
50.0 0.0249 0.0320 0.0381 0.0390 0.0314

ap=3/2, $=0.45, 0=0.46.
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where
v 0.9
g=exp [L (ﬂ) ] (59)
2 o

All that remains is to choose a suitable value for «. The most
obvious unbiased choice is the average of the values cor-
responding to the propellant surface (before any oxidizer has
been consumed) and to complete combustion of the
aluminum. For a delta function F(D,), at least, this gives

o
—=—"[1+{-9)]=1-

1 ¢
w2 - (60)

and this value will be used in all numerical work.

Numerical Comparison of the Zero-Lag Models

With regard to the dependence of aluminum combustion
efficiency on initial particle size, there are two ways in which
the models of the preceding sections can be compared. First,
one can observe the variation in E with 6 for a given value of
(8> (and fixed values of p, 8, and ¢). [As is evident from
Eq. (49), the form of the function E(6) is influenced by the
value of (#) simply because the depletion of oxidizer in the
vicinity of a given particle is affected by the average size of
all neighboring particles.] Secondiy, one can examine the
variation in E with (6). Although only the latter has any im-
mediate implications for rocket performance, the former is
also of interest because most of the existing results are
presented in a similar format.

Before either set of computations can be carried out, of
course, the form of the function F(D,;) must be specified.
According to both Hermsen? and King,? a reasonable choice
(in the absence of detailed information) is the log-normal
distribution

I S B Y SR ! 2]
F(Dy)= a\/ZrDO exp[ 3 (a In ) ) 61)

m

with a standard deviation of ¢=0.46 and an adjustable
““mean’’ value D,,. From this it can be shown that, for any j

(D}y = Dj e/ (62)

and thus

626—902/4 (63)
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which provides the numerical value 3=0.621. Now, in terms
of the new variable

N

m

Eq. (10), when combined with Eq. (61), can be rewritten in
the simple form

_ 1 = 2
E:WSW e~ E(n)dy (65)

Any of the models discussed above can be used to evaluate
E(n); however, since E is generally computed for a given
value of @, rather than 7, a relation between the two quan-
tities is needed. This can be determined (for the case p=3/2)
from Egs. (22), (62), and (64):

f=<{B)exp [—?(Nﬁ%)] (66)

Finally, it should be noted that the last term in Eq. (49)
becomes, on substitution of Eq. (61),

o (g ) | 255 b goiggy) [ ()
en” /) UG Py ) 1S U

so that neither D, nor D,, appears explicitly.

Considering first the function E(8), Table 1 compares the
“‘exact”” predictions of Egs. (53), (54), and (49) [for three
different choices of (f)] with the values computed from
Egs. (46) and (47), based on a monodisperse agglomerate
population, and Eq. (57), based on a constant oxidizer con-
centration. For consistency, p is set equal to 3/2 throughout;
the value adopted for ¢, 0.45, is appropriate to a propellant
with a hydrocarbon binder.’ (More modern propellants tend
to give somewhat larger equivalence ratios, provided that the
gas composition is calculated at the bulk chamber
temperature.) It should be mentioned that the use of Egs.
(46) and (47) in this comparison is, strictly speaking, invalid;
since these equations were derived for a delta function
F(D,), each entry in this column of the table actually cor-
responds to a different value of (#). Ignoring this, however,
can be regarded simply as an approximation—one that
assumes that particles of different sizes act independently in-
sofar as their effects on the depletion of oxidizer are con-
cerned. This is essentially the approach that is taken by
King.? It remains to be seen whether this approximation is
better or worse than that underlying Eq. (57).

Table 2 Overall combustion efficiencies £ for the zero-lag models?

One-dimensional Exact Delta-function Constant-a«
approximation, Egs. (65), (53), approximation, approximation,
(8> Eqs. (65), 27) (54), (49) Eqgs. (65), (46), (47) Egs. (65), (57)
0.02 0.972 0.998 0.999 0.999
0.05 0.935 0.990 0.992 0.992
0.1 0.882 0.967 0.972 0.972
0.2 0.801 0.910 0.920 0.917
0.5 0.643 0.752 0.762 0.750
1.0 0.498 0.578 0.581 0.558
2.0 0.351 0.394 0.392 0.363
5.0 0.189 0.202 0.200 0.175
10.0 0.108 0.112 0.110 0.0929
20.0 0.0577 0.0588 0.0583 0.0479
50.0 0.0241 0.0243 0.0242 0.0195

3p=3/2, $=0.45, 6=0.46.
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The table shows that the results provided by the two ap-
proximate methods do not agree particularly well with the
more rigorous values over the entire range of 0, especially
for small values of (#). However, this will not necessarily
have any serious practical consequences: the discrepancy is
large only for values of 6 that differ substantially from the
prevailing (0)>—the delta-function results are somewhat
better in this regard—and such values will have little in-
fluence on E if the distribution function F(D,) is reasonably
narrow.

A more significant test of the formulas, then, is a com-
parison of the predictions of E vs (#). Table 2 contains the
numerical results for this case, with E(5) being calculated
via Egs. (27); (53), (54), and (49); (46) and (47); and (57). All
fixed parameters are assigned the same values as in Table 1.
Clearly, the delta-function approximation gives excellent
results over the entire range of (#). The values predicted by
the one-dimensional analysis are in general only fair, and
good accuracy is attained only for small £ (which is not a
situation of great practical importance). As noted earlier by
King,? the combustion efficiency is underpredicted for all
{#). The constant-« approach is entirely adequate when E is
near unity, but it fails somewhat at smaller values. This is
not surprising; when E is small, most of the aluminum par-
ticles do not burn completely in the chamber, and the
average value of a given by Eq. (60) is not likely to be
satisfactory.

The success of the delta-function approximation is both
gratifying and of considerable practical importance. First, it
means that the function E(6#) can be computed once and for
all, without regard to the nature of F(D,) (just as for the
constant-or case), rather than having to be reevaluated for
each new situation. Furthermore, the computation itself
becomes a great deal simpler. While there is only a modest
savings of effort in the zero-lag model considered above, the
simplification is enormous when velocity lags are included
(which is often necessary for truly accurate results). Conse-
quently, the approximation will be used to full advantage in
the following section.

Two-Dimensional Flowfield with Particle Velocity Lags Included

When particle velocity lags are not negligible, a distinction
must be made between the velocity components of the gas, U
and V, and those of the particle phase, # and v. The former
are given by Eqgs. (28) and (29), but the latter must be found
by solving the particle equations of motion. Provided that
interparticle interactions and lift forces!' can be ignored,
each equation of motion takes the form of an equality be-
tween the convective acceleration and the viscous drag. Thus

ou du 18uA
+ = U— 67
“ Ix v ar  paD? ¢ “) 7
av i) 18uN
+ = V— 68
i e o (V—-v) (68)

where p is the gas viscosity and \ is the ratio of the actual
drag force to that given by Stokes’ law. A standard correla-
tion for \ is!2

A=1+0.15Re)-68 (69)

where Re, is the local Reynolds number,

D
ReI: pg

[(U-u)*+(V-v)?]'? (70)

pg being the gas density. Now, clearly, Eqgs. (67) and (68)
must be solved in conjunction with an equation for the parti-
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cle diameter, and this can be obtained from Eq. (4):

oD 9D
A S an

u

This, in turn, necessitates an equation for «, which can be
derived in a like manner from Eq. (37), noting, of course,
that the appropriate velocity components here are U and V.
For the special case in which F(D,) is a delta function, one
has

da oo
U +V =
ax or

3mkp
4M i

na®p3-» 72)

However, the particle number density »n is no longer a
constant, because V -u is not equal to zero in the current
situation. Thus, # must be determined by using the general
conservation equation

on on ( du ov v )
—— — +_
“ ox +u ar " ax * or r 73

(Implicit in this is the assumption that # and v are unique
functions of x and r, which can be true only if F(D,) is a
delta function.) Equations (67), (68), and (71-73) now con-
stitute a closed set of PDE’s, for which the boundary condi-
tions at r=R are u=v=0 (each particle starts at rest),
D=D,, a=qaq, and nv= —n,, from Eq. (34). It is apparent
that the formulation of the problem—and, to an even greater
degree, its solution—would be considerably more compli-
cated for a general function F(D,).

Since the equations given above do not allow the tracing
of individual particle trajectories, the method previously
used to calculate the combustion efficiency cannot be applied
(there is no way to relate a given D to a particular x;). An
alternative, though, is to compute the quantity m by in-
tegrating over the cross section of the chamber:

m= ——WZPAl S RunD3rdr 74)
3My,, Jo
so that
R
E=1 ———,—3S unD3rdr (75)
RnyDgx Jo

In order to nondimensionalize the equations and to
eliminate certain singularities (as well as the awkward bound-
ary condition on n), it is now convenient to introduce the
new variables @ =uc/2F,N, U=vc/2F,N, A=(D/D)?,
a=a/oy, J= —nv/ng, X=x/R, and s=(1—r/R)". After the
equations are rewritten, the caret notation can be dropped
for simplicity; the new versions of Eqs. (67), (68), and (70)
are then

ox 2s ds

-2 x{—"—xsin{w(sz—l/zs‘*)] —u} (76)
T 2

A(u ov v 6v>
dx 2s 0ds
9 _

_x{_l_
r 201 =9)

cos[w(s?— Vash] — v} an
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Re;=2ReA" ({% x sin[7(s2 - Vos5%)] —u}z

1 2N\ ¥
+ {‘z‘m COS[W(SZ—I/ZS4)] +U} > (78)
where

5
,e parDgrsN 9)

uRc

Dyp, F.N

Re = HopglslV (80)

uc

Physically, 7 is the ratio of the characteristic velocity relaxa-
tion time to the mean residence time in the chamber and thus
determines, to a large extent, the importance of the velocity
lags; Re is the particle Reynolds number at the propellant
surface. The remaining PDE’s (71-73) become

WA 2 A2 g -
ax 25 05 o
a 1
7rxsin[7r(s2—1/2s4)]u73.+T;_S7
a 3
XCOS[W(SZ—1/2s4)]i_a=_¢JA(3—p)/2a0.9 (82)
2s 0s po

aJ v dJ <_6u+Lav_v>(83)
1—s2

dax v 0x

The boundary conditions at s=0 are simply that u=v=0
and A=«a=J=1. Finally, E is now given by

2 ! u
E=1 +——S —— JAY2(1 ~s%)sds (84)
X 0 v

It is important to note that E is no longer independent of the
axial position x (or, therefore, of the chamber length); in
fact, E is now a function of the six parameters p, 0, ¢, 7, Re,
and x.

Once again, it is interesting to see how the analysis is
altered for the case of constant «. It would, of course, be
possible simply to discard Eq. (82) and to solve the remain-
ing equations in essentially the same manner as before, but it
is much easier to formulate the problem in terms of particle
trajectory equations:

dx
- 85
TR (35)
dr
—_——= 86
i =Y (86)
18un
du 184 (U—u) (87)
de PAID2
dv _ 18uN (V—1) (88)
dt PAID2

and Eq. (4). The corresponding initial conditions (at /=0,
say) are that x=x,, r=R, u=v=0, and D=D,. Since « is
constant, Eq. (4) can be solved analytically:

D= (D§—pka®1)'"» (89)
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The equations are now nondimensionalized by defining ¥, i,
and § as before and introducing, in addition, F=r/R,
D=D/D,, and t=2FNt/Rc; the carets are then dropped.
After this is done, Egs. (85) and (86) are formally un-
changed, while Egs. (87-89) become

du B 9A [ T ( T 2) ] 9
TR, i ) X cOs 2 r u (90)
dv (N [ 1 . ( T 2) ]
—_— = —— — — 91
dt  +D? M\ T ©D

@ -

The initial conditions are that x=x,, r=1, and u=v=0 at
t=0. Once D has been evaluated at a given x for ““all” x,
between 0 and x, the combustion efficiency can be computed
in the usual fashion:

1 X
E:l——-——S D3dx, (93)
X JO

Finally, it is instructive to carry out a set of calculations
using King’s pocket model,? according to which velocity lags
are neglected in determining the oxidizer concentration along
a particle trajectory. Mathematically, this amounts to using
Eq. (40) in place of the constant-a assumption in the analysis
of the preceding paragraph. It follows that Eq. (92) is re-
placed by

2——__1_ - 3 _ 0.9
G =g DD =) (94)

together with the condition that D=1 at t=0. The computa-
tions are then performed in essentially the same manner as
before.

It should be mentioned that the treatment of velocity lags
in the above models is only an approximation, as it is based
on a simplified picture of the true physical situation.
Specifically, the analysis does not account for the fact that a
small fraction (typically 5-15%1%) of the condensed-phase
Al,O3, which forms as a result of the combustion process,
tends to collect on the surface of the burning aluminum par-
ticle in the form of an oxide lobe. (The remainder gives rise
to a dense cloud of oxide smoke.) While this is presumably
taken into account implicitly in the empirical burning-rate
equation, it is neglected in the expressions for the drag force
on the particle. The error involved is unlikely to be impor-
tant, however, because the oxide lobe will not constitute a
significant portion of the total mass of the particle until the
particle itself is very small and its velocity lag has vanished.
In any event, a more rigorous treatment would require cur-
rently unavailable quantitative information on the Al,O,
condensation process and effects of nonsphericity.

Numerical Comparison of the Finite-Lag Models

The calculations that must be carried out to obtain
numerical results from the constant-« and pocket models are
straightforward; however, the variable-o case is more dif-
ficult because standard numerical methods tend to be
unstable when applied to this system of PDE’s. This problem
is overcome by discretizing the equations in x and using a
fully implicit packaged code!* to solve the resulting system
of ODE’s.

Obviously, since £ depends on so many parameters, a
comprehensive numerical study is impractical, but it is also
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Table 3 Combustion efficiencies £
for the two-dimensional finite-lag models®

[/ Variable o Constant « Pocket model

0.1 1.000 1.000 1.000

0.2 0.996 0.997 0.996

0.5 0.963 0.964 0.963

1.0 0.857 0.856 0.858

2.0 0.654 0.636 0.656

5.0 0.362 0.328 0.365
10.0 0.206 0.178 0.208
20.0 0.111 0.0927 0.112
50.0 0.0469 0.0380 0.0468

Ap=3/2, $=0.45, 7=1.0, Re=5.0, x=5.0.

unnecessary for present purposes. Thus, as before, E will be
tabulated vs 6 for a typical set of values of the other
parameters: p=3/2, ¢$=0.45, 7=1.0, Re=5.0, x=5.0.

The results are presented in Table 3. As in the zero-lag
case, the use of the constant-o approximation leads to
significant errors when 0 is large, primarily because of the in-
adequacy of Eq. (60): if most of the particles do not burn
completely, then the average value of « suggested by the
equation will be too small, and the combustion efficiency
will consequently be underestimated. On the other hand, the
pocket model gives highly accurate results for all 6. A com-
parison of Tables 1 and 3 also shows that velocity lags lead
to an increase in FE. This is expected physically, of course,
because such lags cause the particles to remain in the
chamber for longer periods of time.

Conclusion

A rigorous calculation of aluminum combustion efficiency,
which accounts simultaneously for particle velocity lags, an ar-
bitrary initial particle size distribution, and a varying oxidizer
concentration, is a formidable task—so much so, in fact, that it
has never been attempted. However, the work presented here
indicates that it is usually not necessary to solve the problem in
complete generality, for satisfactory results can be obtained in
most cases by making a suitable approximation. First of all, if
conditions are such that the velocity lags can be neglected, then
the problem becomes much more manageable; in particular, a
semianalytical solution is possible when the burning-time expo-
nent has the (physically realistic) value 3/2. Further simplifica-
tion can be achieved via the so-called delta-function approx-
imation, which asserts that the way in which oxidizer is depleted
along a particle trajectory can be determined independently for
particles of different initial sizes. While this is physically
unrealistic, it can be expected to provide accurate values of the
overall combustion efficiency F if the actual size distribution is
reasonably narrow. Numerical calculations using a typical
value for the standard deviation o show that excellent results
can indeed be obtained in practical cases. In addition to simpli-
fying the computation of a set of individual combustion effi-
ciencies E(D,), the delta-function approximation has the enor-
mous advantage that these values need not be recalculated for
each new size distribution. The same savings of effort can be
achieved by making the assumption that the oxidizer concentra-
tion « is constant, as is done in the SPP computer code.
However, the numerical results obtained here indicate that this
approach leads to significant errors at low combustion efficien-
cies if an average value of « is used. This situation could
possibly be remedied somewhat by artificially adjusting o, but
this would require foreknowledge of the approximate value of
E for any given set of conditions.

When particle velocity lags cannot be neglected, the
computation of combustion efficiencies is cumbersome, even
when the delta-function approximation is used. However,
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the calculations can again be simplified, without any real
sacrifice of accuracy, by making the additional assumption
that the lags do not significantly affect the oxidizer concen-
tration profile along a particle trajectory.

In essence, then, the work presented here can be viewed as
a justification for the so-called pocket model used by King.?
As noted earlier, this model actually involves two major
assumptions, namely, that particles of different sizes act in-
dependently insofar as oxidizer depletion is concerned and
that this depletion is unaffected by velocity lags. By neces-
sity, these assumptions are examined separately rather than
simultaneously in the foregoing analysis; nevertheless, the
results strongly suggest that the pocket model is an adequate
approximation in most cases.

Appendix
The first step in converting Eq. (48) to a pure differential
equation is to multiply through by F(D,;) and then integrate
over Dy from D§(«) to infinity. With the aid of Leibniz’ rule
for differentiating an integral, this gives

igm DY2F(D,)dD,
do D) 0 0

ZMAIC

® —1po
= D32F(D, dD] S F(Dy)dD
THP A [SD(’;(a) (Do)dDy Do) (Dy)dDy

(A1)
Separating variables and integrating, one finds

i D32F(Dy)dD
SD(‘)(a) (Do)dDq

:[<D8/2>2+ 4MA1C Sﬂ Soo
@0

172
F(Dy)dD,d ] A2
p—— o5 (Dg)dDydy (A2)

This is now back-substituted into Eq. (48), which can then
be integrated to yield

D32 D(s)/z _ 2Maic Sa [<D3/2)2
TAPAL ¥ %0
4M.ac (Y [® -1/2
—2 S S F(v)dvdx/le dy (A3)
THP A v eg v D)

By definition, D, is equal to D§ when D=0 for a given a.
Making these replacements in Eq. (A3), one sees that the
quantities D3’? — D*? and D¢¥? are identical functions of «.
This fact can then be used to eliminate Dg from the right-
hand side of the equation. Thus, in terms of the dimen-
sionless variables {=1-(D/Dy)*? and a=1—«a/a, one has

(=20 S [1——1—Sy' Sm F(»)d dl[/']q/zd " (Ad)
T 286 o L' B do Jogmen Y d

where 3 is defined in Eq. (50). The desired result can now be
obtained by differentiating three times with respect to a:

d(_ﬂl:_—l—aoo /]71/2
da 2040 ! o8 So SDM%W)F(V)dvdx& (A5)

w9 () () L,
iz =268 Y aa SDof%(a) F(v)dv (A6)

and Eq. (49). The initial conditions for use with Eq. (49)
follow directly from Eqgs. (A4-A6).
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